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Preface

Linear algebra has in recent years become an essential part of the mathematical background required by
mathematicians and mathematics teachers, engineers, computer scientists, physicists, economists, and statis-
ticians, among others. This requirement reflects the importance and wide applications of the subject matter.

This book is designed for use as a textbook for a formal course in linear algebra or as a supplement to all
current standard texts. It aims to present an introduction to linear algebra which will be found helpful to all
readers regardless of their fields of specification. More material has been included than can be covered in most
first courses. This has been done to make the book more flexible, to provide a useful book of reference, and to
stimulate further interest in the subject.

Each chapter begins with clear statements of pertinent definitions, principles, and theorems together with
illustrative and other descriptive material. This is followed by graded sets of solved and supplementary
problems. The solved problems serve to illustrate and amplify the theory, and to provide the repetition of basic
principles so vital to effective learning. Numerous proofs, especially those of all essential theorems, are
included among the solved problems. The supplementary problems serve as a complete review of the material
of each chapter.

The first three chapters treat vectors in Euclidean space, matrix algebra, and systems of linear equations.
These chapters provide the motivation and basic computational tools for the abstract investigations of vector
spaces and linear mappings which follow. After chapters on inner product spaces and orthogonality and on
determinants, there is a detailed discussion of eigenvalues and eigenvectors giving conditions for representing a
linear operator by a diagonal matrix. This naturally leads to the study of various canonical forms, specifically,
the triangular, Jordan, and rational canonical forms. Later chapters cover linear functions and the dual space V*,
and bilinear, quadratic, and Hermitian forms. The last chapter treats linear operators on inner product spaces.

The main changes in the sixth edition are that some parts in Appendix D have been added to the main part of
the text, that is, Chapter Four and Chapter Eight. There are also many additional solved and supplementary
problems.

Finally, we wish to thank the staff of the McGraw-Hill Schaum’s Outline Series, especially Diane Grayson,
for their unfailing cooperation.

SEYMOUR LIPSCHUTZ
MARC LARS LIPSON
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CHAPTER 1

Vectors in Rn and Cn,
Spatial Vectors

1.1 Introduction

There are two ways to motivate the notion of a vector: one is by means of lists of numbers and subscripts,
and the other is by means of certain objects in physics. We discuss these two ways below.

Here we assume the reader is familiar with the elementary properties of the field of real numbers,
denoted by R. On the other hand, we will review properties of the field of complex numbers, denoted by
C. In the context of vectors, the elements of our number fields are called scalars.

Although we will restrict ourselves in this chapter to vectors whose elements come from R and then
from C, many of our operations also apply to vectors whose entries come from some arbitrary field K.

Lists of Numbers
Suppose the weights (in pounds) of eight students are listed as follows:

156; 125; 145; 134; 178; 145; 162; 193

One can denote all the values in the list using only one symbol, say w, but with different subscripts; that is,

w1; w2; w3; w4; w5; w6; w7; w8

Observe that each subscript denotes the position of the value in the list. For example,

w1 ¼ 156; the first number; w2 ¼ 125; the second number; . . .

Such a list of values,

w ¼ ðw1;w2;w3; . . . ;w8Þ
is called a linear array or vector.

Vectors in Physics
Many physical quantities, such as temperature and speed, possess only “magnitude.” These quantities can
be represented by real numbers and are called scalars. On the other hand, there are also quantities, such as
force and velocity, that possess both “magnitude” and “direction.” These quantities, which can be
represented by arrows having appropriate lengths and directions and emanating from some given reference
point O, are called vectors.

Now we assume the reader is familiar with the space R3 where all the points in space are represented by
ordered triples of real numbers. Suppose the origin of the axes in R3 is chosen as the reference point O for
the vectors discussed above. Then every vector is uniquely determined by the coordinates of its endpoint,
and vice versa.

There are two important operations, vector addition and scalar multiplication, associated with vectors in
physics. The definition of these operations and the relationship between these operations and the endpoints
of the vectors are as follows.

1
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(i) Vector Addition: The resultant uþ v of two vectors u and v is obtained by the parallelogram law;
that is, uþ v is the diagonal of the parallelogram formed by u and v. Furthermore, if ða; b; cÞ and
ða0; b0; c0Þ are the endpoints of the vectors u and v, then ðaþ a0; bþ b0; cþ c0Þ is the endpoint of the
vector uþ v. These properties are pictured in Fig. 1-1(a).

(ii) Scalar Multiplication: The product ku of a vector u by a real number k is obtained by multiplying
the magnitude of u by k and retaining the same direction if k > 0 or the opposite direction if k < 0.
Also, if ða; b; cÞ is the endpoint of the vector u, then ðka; kb; kcÞ is the endpoint of the vector ku. These
properties are pictured in Fig. 1-1(b).

Mathematically, we identify the vector u with its ða; b; cÞ and write u ¼ ða; b; cÞ. Moreover, we call the
ordered triple ða; b; cÞ of real numbers a point or vector depending upon its interpretation. We generalize
this notion and call an n-tuple ða1; a2; . . . ; anÞ of real numbers a vector. However, special notation may be
used for the vectors in R3 called spatial vectors (Section 1.6).

1.2 Vectors in Rn

The set of all n-tuples of real numbers, denoted by Rn, is called n-space. A particular n-tuple in Rn, say

u ¼ ða1; a2; . . . ; anÞ
is called a point or vector. The numbers ai are called the coordinates, components, entries, or elements
of u. Moreover, when discussing the space Rn, we use the term scalar for the elements of R.

Two vectors, u and v, are equal, written u ¼ v, if they have the same number of components and if the
corresponding components are equal. Although the vectors ð1; 2; 3Þ and ð2; 3; 1Þ contain the same three
numbers, these vectors are not equal because corresponding entries are not equal.

The vector ð0; 0; . . . ; 0Þ whose entries are all 0 is called the zero vector and is usually denoted by 0.

EXAMPLE 1.1

(a) The following are vectors:

ð2;À5Þ; ð7; 9Þ; ð0; 0; 0Þ; ð3; 4; 5Þ

The first two vectors belong to R2, whereas the last two belong to R3. The third is the zero vector in R3.

(b) Find x; y; z such that ðxÀ y; xþ y; zÀ 1Þ ¼ ð4; 2; 3Þ.
By definition of equality of vectors, corresponding entries must be equal. Thus,

xÀ y ¼ 4; xþ y ¼ 2; zÀ 1 ¼ 3

Solving the above system of equations yields x ¼ 3, y ¼ À1, z ¼ 4.

Figure 1-1

z

y

x

0

u

ku

(a, b, c)

(a, b, c)

(b) Scalar Multiplication

(ka, kb, kc)

(a′, b′, c′)
z

y

x

0

v

u

u + v

(a + a′, b + b′, c + c′)

(a) Vector Addition

2 CHAPTER 1 Vectors in Rn and Cn, Spatial Vectors
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Column Vectors
Sometimes a vector in n-space Rn is written vertically rather than horizontally. Such a vector is called a
column vector, and, in this context, the horizontally written vectors in Example 1.1 are called row vectors.
For example, the following are column vectors with 2; 2; 3, and 3 components, respectively:

1
2

� �
;

3
À4

� �
;

1
5

À6

2
4

3
5;

1:5
2
3

À15

2
64

3
75

We also note that any operation defined for row vectors is defined analogously for column vectors.

1.3 Vector Addition and Scalar Multiplication

Consider two vectors u and v in Rn, say

u ¼ ða1; a2; . . . ; anÞ and v ¼ ðb1; b2; . . . ; bnÞ
Their sum, written uþ v, is the vector obtained by adding corresponding components from u and v. That is,

uþ v ¼ ða1 þ b1; a2 þ b2; . . . ; an þ bnÞ
The product, of the vector u by a real number k, written ku, is the vector obtained by multiplying each
component of u by k. That is,

ku ¼ kða1; a2; . . . ; anÞ ¼ ðka1; ka2; . . . ; kanÞ
Observe that uþ v and ku are also vectors in Rn. The sum of vectors with different numbers of
components is not defined.

Negatives and subtraction are defined in Rn as follows:

Àu ¼ ðÀ1Þu and uÀ v ¼ uþ ðÀvÞ
The vector Àu is called the negative of u, and uÀ v is called the difference of u and v.

Now suppose we are given vectors u1; u2; . . . ; um in Rn and scalars k1; k2; . . . ; km in R. We can multiply
the vectors by the corresponding scalars and then add the resultant scalar products to form the vector

v ¼ k1u1 þ k2u2 þ k3u3 þ Á Á Á þ kmum

Such a vector v is called a linear combination of the vectors u1; u2; . . . ; um.

EXAMPLE 1.2

(a) Let u ¼ ð2; 4;À5Þ and v ¼ ð1;À6; 9Þ. Then
uþ v ¼ ð2þ 1; 4þ ðÀ6Þ; À5þ 9Þ ¼ ð3;À2; 4Þ

7u ¼ ð7ð2Þ; 7ð4Þ; 7ðÀ5ÞÞ ¼ ð14; 28;À35Þ
Àv ¼ ðÀ1Þð1;À6; 9Þ ¼ ðÀ1; 6;À9Þ

3uÀ 5v ¼ ð6; 12;À15Þ þ ðÀ5; 30;À45Þ ¼ ð1; 42;À60Þ

(b) The zero vector 0 ¼ ð0; 0; . . . ; 0Þ in Rn is similar to the scalar 0 in that, for any vector u ¼ ða1; a2; . . . ; anÞ.
uþ 0 ¼ ða1 þ 0; a2 þ 0; . . . ; an þ 0Þ ¼ ða1; a2; . . . ; anÞ ¼ u

(c) Let u ¼
2
3

À4

2
4

3
5 and v ¼

3
À1
À2

2
4

3
5. Then 2uÀ 3v ¼

4
6

À8

2
4

3
5þ

À9
3
6

2
4

3
5 ¼

À5
9

À2

2
4

3
5.

CHAPTER 1 Vectors in Rn and Cn, Spatial Vectors 3
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Basic properties of vectors under the operations of vector addition and scalar multiplication are
described in the following theorem.

THEOREM 1.1: For any vectors u; v;w in Rn and any scalars k; k0 in R,

(i) ðuþ vÞ þ w ¼ uþ ðv þ wÞ, (v) kðuþ vÞ ¼ kuþ kv,

(ii) uþ 0 ¼ u; (vi) ðk þ k0Þu ¼ kuþ k0u,

(iii) uþ ðÀuÞ ¼ 0; (vii) ðkk0Þu ¼ kðk0uÞ,
(iv) uþ v ¼ v þ u, (viii) 1u ¼ u.

We postpone the proof of Theorem 1.1 until Chapter 2, where it appears in the context of matrices
(Problem 2.3).

Suppose u and v are vectors in Rn for which u ¼ kv for some nonzero scalar k in R. Then u is called a
multiple of v. Also, u is said to be in the same or opposite direction as v according to whether k > 0 or
k < 0.

1.4 Dot (Inner) Product

Consider arbitrary vectors u and v in Rn; say,

u ¼ ða1; a2; . . . ; anÞ and v ¼ ðb1; b2; . . . ; bnÞ
The dot product or inner product of u and v is denoted and defined by

u Á v ¼ a1b1 þ a2b2 þ Á Á Á þ anbn

That is, u Á v is obtained by multiplying corresponding components and adding the resulting products.
The vectors u and v are said to be orthogonal (or perpendicular) if their dot product is zero—that is, if
u Á v ¼ 0.

EXAMPLE 1.3

(a) Let u ¼ ð1;À2; 3Þ, v ¼ ð4; 5;À1Þ, w ¼ ð2; 7; 4Þ. Then,
u Á v ¼ 1ð4Þ À 2ð5Þ þ 3ðÀ1Þ ¼ 4À 10À 3 ¼ À9

u Á w ¼ 2À 14þ 12 ¼ 0; v Á w ¼ 8þ 35À 4 ¼ 39

Thus, u and w are orthogonal.

(b) Let u ¼
2
3

À4

2
4

3
5 and v ¼

3
À1
À2

2
4

3
5. Then u Á v ¼ 6À 3þ 8 ¼ 11.

(c) Suppose u ¼ ð1; 2; 3; 4Þ and v ¼ ð6; k;À8; 2Þ. Find k so that u and v are orthogonal.

First obtain u Á v ¼ 6þ 2k À 24þ 8 ¼ À10þ 2k. Then set u Á v ¼ 0 and solve for k:

À10þ 2k ¼ 0 or 2k ¼ 10 or k ¼ 5

Basic properties of the dot product in Rn (proved in Problem 1.13) follow.

THEOREM 1.2: For any vectors u; v;w in Rn and any scalar k in R:

(i) ðuþ vÞ Á w ¼ u Á wþ v Á w; (iii) u Á v ¼ v Á u,
(ii) ðkuÞ Á v ¼ kðu Á vÞ, (iv) u Á u � 0; and u Á u ¼ 0 iff u ¼ 0.

Note that (ii) says that we can “take k out” from the first position in an inner product. By (iii) and (ii),

u Á ðkvÞ ¼ ðkvÞ Á u ¼ kðv Á uÞ ¼ kðu Á vÞ

4 CHAPTER 1 Vectors in Rn and Cn, Spatial Vectors
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That is, we can also “take k out” from the second position in an inner product.
The space Rn with the above operations of vector addition, scalar multiplication, and dot product is

usually called Euclidean n-space.

Norm (Length) of a Vector
The norm or length of a vector u in Rn, denoted by kuk, is defined to be the nonnegative square root of
u Á u. In particular, if u ¼ ða1; a2; . . . ; anÞ, then

kuk ¼ ffiffiffiffiffiffiffiffiffi
u Á up ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a21 þ a22 þ Á Á Á þ a2n

q
That is, kuk is the square root of the sum of the squares of the components of u. Thus, kuk � 0, and
kuk ¼ 0 if and only if u ¼ 0.

A vector u is called a unit vector if kuk ¼ 1 or, equivalently, if u Á u ¼ 1. For any nonzero vector v in
Rn, the vector

v̂ ¼ 1
kvk v ¼ v

kvk
is the unique unit vector in the same direction as v. The process of finding v̂ from v is called normalizing v.

EXAMPLE 1.4

(a) Suppose u ¼ ð1;À2;À4; 5; 3Þ. To find kuk, we can first find kuk2 ¼ u Á u by squaring each component of u and
adding, as follows:

kuk2 ¼ 12 þ ðÀ2Þ2 þ ðÀ4Þ2 þ 52 þ 32 ¼ 1þ 4þ 16þ 25þ 9 ¼ 55

Then kuk ¼ ffiffiffiffiffi
55

p
.

(b) Let v ¼ ð1;À3; 4; 2Þ and w ¼ ð12 ;À 1
6 ;

5
6 ;

1
6Þ. Then

kvk ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 9þ 16þ 4

p ¼
ffiffiffiffiffi
30

p
and kwk ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9
36

þ 1
36

þ 25
36

þ 1
36

r
¼

ffiffiffiffiffi
36
36

r
¼

ffiffiffi
1

p
¼ 1

Thus w is a unit vector, but v is not a unit vector. However, we can normalize v as follows:

v̂ ¼ v

kvk ¼ 1ffiffiffiffiffi
30

p ;
À3ffiffiffiffiffi
30

p ;
4ffiffiffiffiffi
30

p ;
2ffiffiffiffiffi
30

p
� �

This is the unique unit vector in the same direction as v.

The following formula (proved in Problem 1.14) is known as the Schwarz inequality or Cauchy–
Schwarz inequality. It is used in many branches of mathematics.

THEOREM 1.3 (Schwarz): For any vectors u; v in Rn, ju Á vj � kukkvk.

Using the above inequality, we also prove (Problem 1.15) the following result known as the “triangle
inequality” or Minkowski’s inequality.

THEOREM 1.4 (Minkowski): For any vectors u; v in Rn, kuþ vk � kuk þ kvk.

Distance, Angles, Projections
The distance between vectors u ¼ ða1; a2; . . . ; anÞ and v ¼ ðb1; b2; . . . ; bnÞ in Rn is denoted and defined
by

dðu; vÞ ¼ kuÀ vk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1 À b1Þ2 þ ða2 À b2Þ2 þ Á Á Á þ ðan À bnÞ2

q
One can show that this definition agrees with the usual notion of distance in the Euclidean plane R2 or
space R3.

CHAPTER 1 Vectors in Rn and Cn, Spatial Vectors 5
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The angle y between nonzero vectors u; v in Rn is defined by

cos y ¼ u Á v
kukkvk

This definition is well defined, because, by the Schwarz inequality (Theorem 1.3),

À1 � u Á v
kukkvk � 1

Note that if u Á v ¼ 0, then y ¼ 90� (or y ¼ p=2). This then agrees with our previous definition of
orthogonality.

The projection of a vector u onto a nonzero vector v is the vector denoted and defined by

projðu; vÞ ¼ u Á v
kvk2 v ¼ u Á v

v Á v v

We show below that this agrees with the usual notion of vector projection in physics.

EXAMPLE 1.5

(a) Suppose u ¼ ð1;À2; 3Þ and v ¼ ð2; 4; 5Þ. Then

dðu; vÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1À 2Þ2 þ ðÀ2À 4Þ2 þ ð3À 5Þ2

q
¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 36þ 4
p ¼

ffiffiffiffiffi
41

p

To find cos y, where y is the angle between u and v, we first find

u Á v ¼ 2À 8þ 15 ¼ 9; kuk2 ¼ 1þ 4þ 9 ¼ 14; kvk2 ¼ 4þ 16þ 25 ¼ 45

Then

cos y ¼ u Á v
kukkvk ¼ 9ffiffiffiffiffi

14
p ffiffiffiffiffi

45
p

Also,

projðu; vÞ ¼ u Á v
kvk2 v ¼ 9

45
ð2; 4; 5Þ ¼ 1

5
ð2; 4; 5Þ ¼ 2

5
;
4
5
; 1

� �

(b) Consider the vectors u and v in Fig. 1-2(a) (with respective endpoints A and B). The (perpendicular) projection of
u onto v is the vector u* with magnitude

ku*k ¼ kuk cos y ¼ kuk u Á v
kukvk ¼ u Á v

kvk
To obtain u*, we multiply its magnitude by the unit vector in the direction of v, obtaining

u* ¼ ku*k v

kvk ¼ u Á v
kvk

v

kvk ¼ u Á v
kvk2 v

This is the same as the above definition of projðu; vÞ.

Figure 1-2

y

x

0

u

(b)

u = B − A

B(b1, b2, b3)

P(b1−a1, b2−a2 b3−a3)

A(a1, a2, a3)

0

u

(a)

Projection u* of u onto v

u*
B

A z

Cθ

v

6 CHAPTER 1 Vectors in Rn and Cn, Spatial Vectors



Black plate (7,1)

1.5 Located Vectors, Hyperplanes, Lines, Curves in Rn

This section distinguishes between an n-tuple PðaiÞ � Pða1; a2; . . . ; anÞ viewed as a point in Rn and an
n-tuple u ¼ ½c1; c2; . . . ; cn� viewed as a vector (arrow) from the origin O to the point Cðc1; c2; . . . ; cnÞ.

Located Vectors
Any pair of points AðaiÞ and BðbiÞ in Rn defines the located vector or directed line segment from A to B,
written AB

�!
. We identify AB

�!
with the vector

u ¼ BÀ A ¼ ½b1 À a1; b2 À a2; . . . ; bn À an�
because AB

�!
and u have the same magnitude and direction. This is pictured in Fig. 1-2(b) for the

points Aða1; a2; a3Þ and Bðb1; b2; b3Þ in R3 and the vector u ¼ BÀ A which has the endpoint
Pðb1 À a1, b2 À a2, b3 À a3Þ.

Hyperplanes
A hyperplane H in Rn is the set of points ðx1; x2; . . . ; xnÞ that satisfy a linear equation

a1x1 þ a2x2 þ Á Á Á þ anxn ¼ b

where the vector u ¼ ½a1; a2; . . . ; an� of coefficients is not zero. Thus a hyperplane H in R2 is a line, and a
hyperplane H in R3 is a plane. We show below, as pictured in Fig. 1-3(a) for R3, that u is orthogonal to
any directed line segment PQ

�!
, where Pð piÞ and QðqiÞ are points in H: [For this reason, we say that u is

normal to H and that H is normal to u:]

Because Pð piÞ and QðqiÞ belong to H; they satisfy the above hyperplane equation—that is,

a1 p1 þ a2 p2 þ Á Á Á þ an pn ¼ b and a1q1 þ a2q2 þ Á Á Á þ anqn ¼ b

v ¼ PQ
�! ¼ QÀ P ¼ ½q1 À p1; q2 À p2; . . . ; qn À pn�Let

Then

u Á v ¼ a1ðq1 À p1Þ þ a2ðq2 À p2Þ þ Á Á Á þ anðqn À pnÞ
¼ ða1q1 þ a2q2 þ Á Á Á þ anqnÞ À ða1 p1 þ a2 p2 þ Á Á Á þ an pnÞ ¼ bÀ b ¼ 0

Thus v ¼ PQ
�!

is orthogonal to u; as claimed.

Figure 1-3

(a) (b)

O

P Q

L

P

P + t1u

P − t2u

u

u
H
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Lines in Rn

The line L in Rn passing through the point Pðb1; b2; . . . ; bnÞ and in the direction of a nonzero vector
u ¼ ½a1; a2; . . . ; an� consists of the points Xðx1; x2; . . . ; xnÞ that satisfy

X ¼ Pþ tu or

x1 ¼ a1t þ b1
x2 ¼ a2t þ b2
::::::::::::::::::::
xn ¼ ant þ bn

or LðtÞ ¼ ðait þ biÞ

8>><
>>:

where the parameter t takes on all real values. Such a line L in R3 is pictured in Fig. 1-3(b).

EXAMPLE 1.6

(a) Let H be the plane in R3 corresponding to the linear equation 2xÀ 5yþ 7z ¼ 4. Observe that Pð1; 1; 1Þ and
Qð5; 4; 2Þ are solutions of the equation. Thus P and Q and the directed line segment

v ¼ PQ
�! ¼ QÀ P ¼ ½5À 1; 4À 1; 2À 1� ¼ ½4; 3; 1�

lie on the plane H. The vector u ¼ ½2;À5; 7� is normal to H, and, as expected,

u Á v ¼ ½2;À5; 7� Á ½4; 3; 1� ¼ 8À 15þ 7 ¼ 0

That is, u is orthogonal to v.

(b) Find an equation of the hyperplane H in R4 that passes through the point Pð1; 3;À4; 2Þ and is normal to the
vector u ¼ ½4;À2; 5; 6�.

The coefficients of the unknowns of an equation of H are the components of the normal vector u; hence, the
equation of H must be of the form

4x1 À 2x2 þ 5x3 þ 6x4 ¼ k

Substituting P into this equation, we obtain

4ð1Þ À 2ð3Þ þ 5ðÀ4Þ þ 6ð2Þ ¼ k or 4À 6À 20þ 12 ¼ k or k ¼ À10

Thus, 4x1 À 2x2 þ 5x3 þ 6x4 ¼ À10 is the equation of H.

(c) Find the parametric representation of the line L in R4 passing through the point Pð1; 2; 3;À4Þ and in the direction
of u ¼ ½5; 6;À7; 8�. Also, find the point Q on L when t ¼ 1.

Substitution in the above equation for L yields the following parametric representation:

x1 ¼ 5t þ 1; x2 ¼ 6t þ 2; x3 ¼ À7t þ 3; x4 ¼ 8t À 4

or, equivalently,

LðtÞ ¼ ð5t þ 1; 6t þ 2;À7t þ 3; 8t À 4Þ

Note that t ¼ 0 yields the point P on L. Substitution of t ¼ 1 yields the point Qð6; 8;À4; 4Þ on L.

Curves in Rn

Let D be an interval (finite or infinite) on the real line R. A continuous function F:D ! Rn is a curve in
Rn. Thus, to each point t 2 D there is assigned the following point in Rn:

FðtÞ ¼ ½F1ðtÞ;F2ðtÞ; . . . ;FnðtÞ�
Moreover, the derivative (if it exists) of FðtÞ yields the vector

VðtÞ ¼ dFðtÞ
dt

¼ dF1ðtÞ
dt

;
dF2ðtÞ
dt

; . . . ;
dFnðtÞ
dt

� �
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which is tangent to the curve. Normalizing VðtÞ yields

TðtÞ ¼ VðtÞ
kVðtÞk

Thus, TðtÞ is the unit tangent vector to the curve. (Unit vectors with geometrical significance are often
presented in bold type.)

EXAMPLE 1.7 Consider the curve FðtÞ ¼ ½sin t; cos t; t� in R3. Taking the derivative of FðtÞ [or each component of
FðtÞ] yields

VðtÞ ¼ ½cos t;À sin t; 1�
which is a vector tangent to the curve. We normalize VðtÞ. First we obtain

kVðtÞk2 ¼ cos2 t þ sin2 t þ 1 ¼ 1þ 1 ¼ 2

Then the unit tangent vection TðtÞ to the curve follows:

TðtÞ ¼ VðtÞ
kVðtÞk ¼ cos tffiffiffi

2
p ;

À sin tffiffiffi
2

p ;
1ffiffiffi
2

p
� �

1.6 Vectors in R3 (Spatial Vectors), ijk Notation

Vectors in R3, called spatial vectors, appear in many applications, especially in physics. In fact, a special
notation is frequently used for such vectors as follows:

i ¼ ½1; 0; 0� denotes the unit vector in the x direction:

j ¼ ½0; 1; 0� denotes the unit vector in the y direction:

k ¼ ½0; 0; 1� denotes the unit vector in the z direction:

Then any vector u ¼ ½a; b; c� in R3 can be expressed uniquely in the form

u ¼ ½a; b; c� ¼ aiþ bjþ ck

Because the vectors i; j; k are unit vectors and are mutually orthogonal, we obtain the following dot
products:

i Á i ¼ 1; j Á j ¼ 1; k Á k ¼ 1 and i Á j ¼ 0; i Á k ¼ 0; j Á k ¼ 0

Furthermore, the vector operations discussed above may be expressed in the ijk notation as follows.
Suppose

u ¼ a1iþ a2jþ a3k and v ¼ b1iþ b2jþ b3k

Then

uþ v ¼ ða1 þ b1Þiþ ða2 þ b2Þjþ ða3 þ b3Þk and cu ¼ ca1iþ ca2jþ ca3k

where c is a scalar. Also,

u Á v ¼ a1b1 þ a2b2 þ a3b3 and kuk ¼ ffiffiffiffiffiffiffiffiffi
u Á up ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a21 þ a22 þ a23

q

EXAMPLE 1.8 Suppose u ¼ 3iþ 5jÀ 2k and v ¼ 4iÀ 8jþ 7k.

(a) To find uþ v, add corresponding components, obtaining uþ v ¼ 7iÀ 3jþ 5k

(b) To find 3uÀ 2v, first multiply by the scalars and then add:

3uÀ 2v ¼ ð9iþ 15jÀ 6kÞ þ ðÀ8iþ 16jÀ 14kÞ ¼ iþ 31jÀ 20k

CHAPTER 1 Vectors in Rn and Cn, Spatial Vectors 9
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(c) To find u Á v, multiply corresponding components and then add:

u Á v ¼ 12À 40À 14 ¼ À42

(d) To find kuk, take the square root of the sum of the squares of the components:

kuk ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9þ 25þ 4

p ¼
ffiffiffiffiffi
38

p

Cross Product
There is a special operation for vectors u and v in R3 that is not defined in Rn for n 6¼ 3. This operation is
called the cross product and is denoted by uÂ v. One way to easily remember the formula for uÂ v is to
use the determinant (of order two) and its negative, which are denoted and defined as follows:

a b
c d

����
���� ¼ ad À bc and À a b

c d

����
���� ¼ bcÀ ad

Here a and d are called the diagonal elements and b and c are the nondiagonal elements. Thus, the
determinant is the product ad of the diagonal elements minus the product bc of the nondiagonal elements,
but vice versa for the negative of the determinant.

Now suppose u ¼ a1iþ a2jþ a3k and v ¼ b1iþ b2jþ b3k. Then

uÂ v ¼ ða2b3 À a3b2Þiþ ða3b1 À a1b3Þjþ ða1b2 À a2b1Þk

¼ a1 a2 a3
b1 b2 b3

����
����iÀ a1 a2 a3

b1 b2 b3

����
����jþ a1 a2 a3

b1 b2 b3

����
����k

That is, the three components of uÂ v are obtained from the array

a1 a2 a3
b1 b2 b3

� �
(which contain the components of u above the component of v) as follows:

(1) Cover the first column and take the determinant.
(2) Cover the second column and take the negative of the determinant.
(3) Cover the third column and take the determinant.

Note that uÂ v is a vector; hence, uÂ v is also called the vector product or outer product of u
and v.

EXAMPLE 1.9 Find uÂ v where: (a) u ¼ 4iþ 3jþ 6k, v ¼ 2iþ 5jÀ 3k, (b) u ¼ ½2;À1; 5�, v ¼ ½3; 7; 6�.

(a) Use
4 3 6
2 5 À3

� �
to get uÂ v ¼ ðÀ9À 30Þiþ ð12þ 12Þjþ ð20À 6Þk ¼ À39iþ 24jþ 14k

(b) Use
2 À1 5
3 7 6

� �
to get uÂ v ¼ ½À6À 35; 15À 12; 14þ 3� ¼ ½À41; 3; 17�

Remark: The cross products of the vectors i; j; k are as follows:

iÂ j ¼ k; jÂ k ¼ i; kÂ i ¼ j

jÂ i ¼ Àk; kÂ j ¼ Ài; iÂ k ¼ Àj

Thus, if we view the triple ði; j;kÞ as a cyclic permutation, where i follows k and hence k precedes i, then
the product of two of them in the given direction is the third one, but the product of two of them in the
opposite direction is the negative of the third one.

Two important properties of the cross product are contained in the following theorem.
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THEOREM 1.5: Let u; v;w be vectors in R3.

(a) The vector uÂ v is orthogonal to both u and v.

(b) The absolute value of the “triple product”

u Á v Â w

represents the volume of the parallelepiped formed by the vectors u; v, w.
[See Fig. 1-4(a).]

We note that the vectors u; v, uÂ v form a right-handed system, and that the following formula gives
the magnitude of uÂ v:

kuÂ vk ¼ kukkvk sin y
where y is the angle between u and v.

1.7 Complex Numbers

The set of complex numbers is denoted by C. Formally, a complex number is an ordered pair ða; bÞ of real
numbers where equality, addition, and multiplication are defined as follows:

ða; bÞ ¼ ðc; dÞ if and only if a ¼ c and b ¼ d

ða; bÞ þ ðc; dÞ ¼ ðaþ c; bþ dÞ
ða; bÞ Á ðc; dÞ ¼ ðacÀ bd; ad þ bcÞ

We identify the real number a with the complex number ða; 0Þ; that is,
a $ ða; 0Þ

This is possible because the operations of addition and multiplication of real numbers are preserved under
the correspondence; that is,

ða; 0Þ þ ðb; 0Þ ¼ ðaþ b; 0Þ and ða; 0Þ Á ðb; 0Þ ¼ ðab; 0Þ
Thus we view R as a subset of C, and replace ða; 0Þ by a whenever convenient and possible.

We note that the set C of complex numbers with the above operations of addition and multiplication is a
field of numbers, like the set R of real numbers and the set Q of rational numbers.

Figure 1-4

(a) (b)

O

Volume = u.v × w Complex plane

y

x

z

v

O

b

a

z = a + bi

|z|

u

w

CHAPTER 1 Vectors in Rn and Cn, Spatial Vectors 11



Black plate (12,1)

The complex number ð0; 1Þ is denoted by i. It has the important property that

i2 ¼ ii ¼ ð0; 1Þð0; 1Þ ¼ ðÀ1; 0Þ ¼ À1 or i ¼
ffiffiffiffiffiffiffi
À1

p

Accordingly, any complex number z ¼ ða; bÞ can be written in the form

z ¼ ða; bÞ ¼ ða; 0Þ þ ð0; bÞ ¼ ða; 0Þ þ ðb; 0Þ Á ð0; 1Þ ¼ aþ bi

The above notation z ¼ aþ bi, where a � Re z and b � Im z are called, respectively, the real and
imaginary parts of z, is more convenient than ða; bÞ. In fact, the sum and product of complex numbers
z ¼ aþ bi and w ¼ cþ di can be derived by simply using the commutative and distributive laws and
i2 ¼ À1:

zþ w ¼ ðaþ biÞ þ ðcþ diÞ ¼ aþ cþ biþ di ¼ ðaþ bÞ þ ðcþ dÞi
zw ¼ ðaþ biÞðcþ diÞ ¼ acþ bciþ adiþ bdi2 ¼ ðacÀ bdÞ þ ðbcþ adÞi

We also define the negative of z and subtraction in C by

Àz ¼ À1z and wÀ z ¼ wþ ðÀzÞ

Warning: The letter i representing
ffiffiffiffiffiffiffiÀ1

p
has no relationship whatsoever to the vector i ¼ ½1; 0; 0� in

Section 1.6.

Complex Conjugate, Absolute Value
Consider a complex number z ¼ aþ bi. The conjugate of z is denoted and defined by

�z ¼ aþ bi ¼ aÀ bi

Then z�z ¼ ðaþ biÞðaÀ biÞ ¼ a2 À b2i2 ¼ a2 þ b2. Note that z is real if and only if �z ¼ z.
The absolute value of z, denoted by jzj, is defined to be the nonnegative square root of z�z. Namely,

jzj ¼ ffiffiffiffi
z�z

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p
Note that jzj is equal to the norm of the vector ða; bÞ in R2.

Suppose z 6¼ 0. Then the inverse zÀ1 of z and division in C of w by z are given, respectively, by

zÀ1 ¼ �z

z�z
¼ a

a2 þ b2
À b

a2 þ b2
i and

w

z
À w�z

z�z
¼ wzÀ1

EXAMPLE 1.10 Suppose z ¼ 2þ 3i and w ¼ 5À 2i. Then

zþ w ¼ ð2þ 3iÞ þ ð5À 2iÞ ¼ 2þ 5þ 3iÀ 2i ¼ 7þ i

zw ¼ ð2þ 3iÞð5À 2iÞ ¼ 10þ 15iÀ 4iÀ 6i2 ¼ 16þ 11i

�z ¼ 2þ 3i ¼ 2À 3i and �w ¼ 5À 2i ¼ 5þ 2i

w

z
¼ 5À 2i

2þ 3i
¼ ð5À 2iÞð2À 3iÞ

ð2þ 3iÞð2À 3iÞ ¼
4À 19i
13

¼ 4
13

À 19
13

i

jzj ¼ ffiffiffiffiffiffiffiffiffiffiffi
4þ 9

p ¼
ffiffiffiffiffi
13

p
and jwj ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

25þ 4
p ¼

ffiffiffiffiffi
29

p

Complex Plane
Recall that the real numbers R can be represented by points on a line. Analogously, the complex numbers
C can be represented by points in the plane. Specifically, we let the point ða; bÞ in the plane represent the
complex number aþ bi as shown in Fig. 1-4(b). In such a case, jzj is the distance from the origin O to the
point z. The plane with this representation is called the complex plane, just like the line representing R is
called the real line.
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1.8 Vectors in Cn

The set of all n-tuples of complex numbers, denoted by Cn, is called complex n-space. Just as in the real
case, the elements of Cn are called points or vectors, the elements of C are called scalars, and vector
addition in Cn and scalar multiplication on Cn are given by

½z1; z2; . . . ; zn� þ ½w1;w2; . . . ;wn� ¼ ½z1 þ w1; z2 þ w2; . . . ; zn þ wn�
z½z1; z2; . . . ; zn� ¼ ½zz1; zz2; . . . ; zzn�

where the zi, wi, and z belong to C.

EXAMPLE 1.11 Consider vectors u ¼ ½2þ 3i; 4À i; 3� and v ¼ ½3À 2i; 5i; 4À 6i� in C3. Then

uþ v ¼ ½2þ 3i; 4À i; 3� þ ½3À 2i; 5i; 4À 6i� ¼ ½5þ i; 4þ 4i; 7À 6i�
ð5À 2iÞu ¼ ½ð5À 2iÞð2þ 3iÞ; ð5À 2iÞð4À iÞ; ð5À 2iÞð3Þ� ¼ ½16þ 11i; 18À 13i; 15À 6i�

Dot (Inner) Product in Cn

Consider vectors u ¼ ½z1; z2; . . . ; zn� and v ¼ ½w1;w2; . . . ;wn� in Cn. The dot or inner product of u and v is
denoted and defined by

u Á v ¼ z1�w1 þ z2�w2 þ Á Á Á þ zn�wn

This definition reduces to the real case because �wi ¼ wi when wi is real. The norm of u is defined by

kuk ¼ ffiffiffiffiffiffiffiffiffi
u Á up ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z1�z1 þ z2�z2 þ Á Á Á þ zn�zn
p ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jz1j2 þ jz2j2 þ Á Á Á þ jvnj2

q
We emphasize that u Á u and so kuk are real and positive when u 6¼ 0 and 0 when u ¼ 0.

EXAMPLE 1.12 Consider vectors u ¼ ½2þ 3i; 4À i; 3þ 5i� and v ¼ ½3À 4i; 5i; 4À 2i� in C3. Then

u Á v ¼ ð2þ 3iÞð3À 4iÞ þ ð4À iÞð5iÞ þ ð3þ 5iÞð4À 2iÞ
¼ ð2þ 3iÞð3þ 4iÞ þ ð4À iÞðÀ5iÞ þ ð3þ 5iÞð4þ 2iÞ
¼ ðÀ6þ 13iÞ þ ðÀ5À 20iÞ þ ð2þ 26iÞ ¼ À9þ 19i

u Á u ¼ j2þ 3ij2 þ j4À ij2 þ j3þ 5ij2 ¼ 4þ 9þ 16þ 1þ 9þ 25 ¼ 64

kuk ¼
ffiffiffiffiffi
64

p
¼ 8

The space Cn with the above operations of vector addition, scalar multiplication, and dot product, is
called complex Euclidean n-space. Theorem 1.2 for Rn also holds for Cn if we replace u Á v ¼ v Á u by

u Á v ¼ u Á v
On the other hand, the Schwarz inequality (Theorem 1.3) and Minkowski’s inequality (Theorem 1.4) are
true for Cn with no changes.

SOLVED PROBLEMS

Vectors in Rn

1.1. Determine which of the following vectors are equal:

u1 ¼ ð1; 2; 3Þ; u2 ¼ ð2; 3; 1Þ; u3 ¼ ð1; 3; 2Þ; u4 ¼ ð2; 3; 1Þ

Vectors are equal only when corresponding entries are equal; hence, only u2 ¼ u4.
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1.2. Let u ¼ ð2;À7; 1Þ, v ¼ ðÀ3; 0; 4Þ, w ¼ ð0; 5;À8Þ. Find:
(a) 3uÀ 4v,

(b) 2uþ 3v À 5w.

First perform the scalar multiplication and then the vector addition.

(a) 3uÀ 4v ¼ 3ð2;À7; 1Þ À 4ðÀ3; 0; 4Þ ¼ ð6;À21; 3Þ þ ð12; 0;À16Þ ¼ ð18;À21;À13Þ
(b) 2uþ 3v À 5w ¼ ð4;À14; 2Þ þ ðÀ9; 0; 12Þ þ ð0;À25; 40Þ ¼ ðÀ5;À39; 54Þ

1.3. Let u ¼
5
3

À4

2
4

3
5; v ¼

À1
5
2

2
4

3
5;w ¼

3
À1
À2

2
4

3
5. Find:

(a) 5uÀ 2v,

(b) À2uþ 4v À 3w.

First perform the scalar multiplication and then the vector addition:

(a) 5uÀ 2v ¼ 5
5
3

À4

2
4

3
5À 2

À1
5
2

2
4

3
5 ¼

25
15

À20

2
4

3
5þ

2
À10
À4

2
4

3
5 ¼

27
5

À24

2
4

3
5

(b) À2uþ 4v À 3w ¼
À10
À6
8

2
4

3
5þ

À4
20
8

2
4

3
5þ

À9
3
6

2
4

3
5 ¼

À23
17
22

2
4

3
5

1.4. Find x and y, where: (a) ðx; 3Þ ¼ ð2; xþ yÞ, (b) ð4; yÞ ¼ xð2; 3Þ.
(a) Because the vectors are equal, set the corresponding entries equal to each other, yielding

x ¼ 2; 3 ¼ xþ y

Solve the linear equations, obtaining x ¼ 2; y ¼ 1:

(b) First multiply by the scalar x to obtain ð4; yÞ ¼ ð2x; 3xÞ. Then set corresponding entries equal to each
other to obtain

4 ¼ 2x; y ¼ 3x

Solve the equations to yield x ¼ 2, y ¼ 6.

1.5. Write the vector v ¼ ð1;À2; 5Þ as a linear combination of the vectors u1 ¼ ð1; 1; 1Þ, u2 ¼ ð1; 2; 3Þ,
u3 ¼ ð2;À1; 1Þ.
We want to express v in the form v ¼ xu1 þ yu2 þ zu3 with x; y; z as yet unknown. First we have

1
À2
5

2
4

3
5 ¼ x

1
1
1

2
4

3
5þ y

1
2
3

2
4

3
5þ z

2
À1
1

2
4

3
5 ¼

xþ yþ 2z
xþ 2yÀ z
xþ 3yþ z

2
4

3
5

(It is more convenient to write vectors as columns than as rows when forming linear combinations.) Set
corresponding entries equal to each other to obtain

xþ yþ 2z ¼ 1
xþ 2yÀ z ¼ À2
xþ 3yþ z ¼ 5

or
xþ yþ 2z ¼ 1

yÀ 3z ¼ À3
2yÀ z ¼ 4

or
xþ yþ 2z ¼ 1

yÀ 3z ¼ À3
5z ¼ 10

This unique solution of the triangular system is x ¼ À6, y ¼ 3, z ¼ 2. Thus, v ¼ À6u1 þ 3u2 þ 2u3.
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1.6. Write v ¼ ð2;À5; 3Þ as a linear combination of

u1 ¼ ð1;À3; 2Þ; u2 ¼ ð2;À4;À1Þ; u3 ¼ ð1;À5; 7Þ:

Find the equivalent system of linear equations and then solve. First,

2
À5
3

2
4

3
5 ¼ x

1
À3
2

2
4

3
5þ y

2
À4
À1

2
4

3
5þ z

1
À5
7

2
4

3
5 ¼

xþ 2yþ z
À3xÀ 4yÀ 5z
2xÀ yþ 7z

2
4

3
5

Set the corresponding entries equal to each other to obtain

xþ 2yþ z ¼ 2
À3xÀ 4yÀ 5z ¼ À5
2xÀ yþ 7z ¼ 3

or
xþ 2yþ z ¼ 2

2yÀ 2z ¼ 1
À 5yþ 5z ¼ À1

or
xþ 2yþ z ¼ 2

2yÀ 2z ¼ 1
0 ¼ 3

The third equation, 0xþ 0yþ 0z ¼ 3, indicates that the system has no solution. Thus, v cannot be written as a
linear combination of the vectors u1, u2, u3.

Dot (Inner) Product, Orthogonality, Norm in Rn

1.7. Find u Á v where:

(a) u ¼ ð2;À5; 6Þ and v ¼ ð8; 2;À3Þ,
(b) u ¼ ð4; 2;À3; 5;À1Þ and v ¼ ð2; 6;À1;À4; 8Þ.
Multiply the corresponding components and add:

(a) u Á v ¼ 2ð8Þ À 5ð2Þ þ 6ðÀ3Þ ¼ 16À 10À 18 ¼ À12

(b) u Á v ¼ 8þ 12þ 3À 20À 8 ¼ À5

1.8. Let u ¼ ð5; 4; 1Þ, v ¼ ð3;À4; 1Þ, w ¼ ð1;À2; 3Þ. Which pair of vectors, if any, are perpendicular
(orthogonal)?

Find the dot product of each pair of vectors:

u Á v ¼ 15À 16þ 1 ¼ 0; v Á w ¼ 3þ 8þ 3 ¼ 14; u Á w ¼ 5À 8þ 3 ¼ 0

Thus, u and v are orthogonal, u and w are orthogonal, but v and w are not.

1.9. Find k so that u and v are orthogonal, where:

(a) u ¼ ð1; k;À3Þ and v ¼ ð2;À5; 4Þ,
(b) u ¼ ð2; 3k;À4; 1; 5Þ and v ¼ ð6;À1; 3; 7; 2kÞ.
Compute u Á v, set u Á v equal to 0, and then solve for k:

(a) u Á v ¼ 1ð2Þ þ kðÀ5Þ À 3ð4Þ ¼ À5k À 10. Then À5k À 10 ¼ 0, or k ¼ À2.

(b) u Á v ¼ 12À 3k À 12þ 7þ 10k ¼ 7k þ 7. Then 7k þ 7 ¼ 0, or k ¼ À1.

1.10. Find kuk, where: (a) u ¼ ð3;À12;À4Þ, (b) u ¼ ð2;À3; 8;À7Þ.
First find kuk2 ¼ u Á u by squaring the entries and adding. Then kuk ¼

ffiffiffiffiffiffiffiffiffiffi
kuk2

q
.

(a) kuk2 ¼ ð3Þ2 þ ðÀ12Þ2 þ ðÀ4Þ2 ¼ 9þ 144þ 16 ¼ 169. Then kuk ¼ ffiffiffiffiffiffiffiffi
169

p ¼ 13.

(b) kuk2 ¼ 4þ 9þ 64þ 49 ¼ 126. Then kuk ¼ ffiffiffiffiffiffiffiffi
126

p
.
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1.11. Recall that normalizing a nonzero vector v means finding the unique unit vector v̂ in the same
direction as v, where

v̂ ¼ 1
kvk v

Normalize: (a) u ¼ ð3;À4Þ, (b) v ¼ ð4;À2;À3; 8Þ, (c) w ¼ ð12, 2
3, À 1

4).

(a) First find kuk ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9þ 16

p ¼ ffiffiffiffiffi
25

p ¼ 5. Then divide each entry of u by 5, obtaining û ¼ ð35, À 4
5).

(b) Here kvk ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16þ 4þ 9þ 64

p ¼ ffiffiffiffiffi
93

p
. Then

v̂ ¼ 4ffiffiffiffiffi
93

p ;
À2ffiffiffiffiffi
93

p ;
À3ffiffiffiffiffi
93

p ;
8ffiffiffiffiffi
93

p
� �

(c) Note that w and any positive multiple of w will have the same normalized form. Hence, first multiply w by
12 to “clear fractions”—that is, first find w0 ¼ 12w ¼ ð6; 8;À3Þ. Then

kw0k ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
36þ 64þ 9

p ¼
ffiffiffiffiffiffiffiffi
109

p
and ŵ ¼ bw0 ¼ 6ffiffiffiffiffiffiffiffi

109
p ;

8ffiffiffiffiffiffiffiffi
109

p ;
À3ffiffiffiffiffiffiffiffi
109

p
� �

1.12. Let u ¼ ð1;À3; 4Þ and v ¼ ð3; 4; 7Þ. Find:
(a) cos y, where y is the angle between u and v;

(b) projðu; vÞ, the projection of u onto v;

(c) dðu; vÞ, the distance between u and v.

First find u Á v ¼ 3À 12þ 28 ¼ 19, kuk2 ¼ 1þ 9þ 16 ¼ 26, kvk2 ¼ 9þ 16þ 49 ¼ 74. Then

(a) cos y ¼ u Á v
kukkvk ¼ 19ffiffiffiffiffi

26
p ffiffiffiffiffi

74
p ,

(b) projðu; vÞ ¼ u Á v
kvk2 v ¼ 19

74
ð3; 4; 7Þ ¼ 57

74
;
76
74

;
133
74

� �
¼ 57

74
;
38
37

;
133
74

� �
;

(c) dðu; vÞ ¼ kuÀ vk ¼ kðÀ2;À7À 3Þk ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 49þ 9

p ¼ ffiffiffiffiffi
62

p
:

1.13. Prove Theorem 1.2: For any u; v;w in Rn and k in R:

(i) ðuþ vÞ Á w ¼ u Á wþ v Á w, (ii) ðkuÞ Á v ¼ kðu Á vÞ, (iii) u Á v ¼ v Á u,
(iv) u Á u � 0, and u Á u ¼ 0 iff u ¼ 0.

Let u ¼ ðu1; u2; . . . ; unÞ, v ¼ ðv1; v2; . . . ; vnÞ, w ¼ ðw1;w2; . . . ;wnÞ.
(i) Because uþ v ¼ ðu1 þ v1; u2 þ v2; . . . ; un þ vnÞ,

ðuþ vÞ Á w ¼ ðu1 þ v1Þw1 þ ðu2 þ v2Þw2 þ Á Á Á þ ðun þ vnÞwn

¼ u1w1 þ v1w1 þ u2w2 þ Á Á Á þ unwn þ vnwn

¼ ðu1w1 þ u2w2 þ Á Á Á þ unwnÞ þ ðv1w1 þ v2w2 þ Á Á Á þ vnwnÞ
¼ u Á wþ v Á w

(ii) Because ku ¼ ðku1; ku2; . . . ; kunÞ,
ðkuÞ Á v ¼ ku1v1 þ ku2v2 þ Á Á Á þ kunvn ¼ kðu1v1 þ u2v2 þ Á Á Á þ unvnÞ ¼ kðu Á vÞ

(iii) u Á v ¼ u1v1 þ u2v2 þ Á Á Á þ unvn ¼ v1u1 þ v2u2 þ Á Á Á þ vnun ¼ v Á u
(iv) Because u2i is nonnegative for each i, and because the sum of nonnegative real numbers is nonnegative,

u Á u ¼ u21 þ u22 þ Á Á Á þ u2n � 0

Furthermore, u Á u ¼ 0 iff ui ¼ 0 for each i, that is, iff u ¼ 0.
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1.14. Prove Theorem 1.3 (Schwarz): ju Á vj � kukkvk.
For any real number t, and using Theorem 1.2, we have

0 � ðtuþ vÞ Á ðtuþ vÞ ¼ t2ðu Á uÞ þ 2tðu Á vÞ þ ðv Á vÞ ¼ kuk2t2 þ 2ðu Á vÞt þ kvk2

Let a ¼ kuk2, b ¼ 2ðu Á vÞ, c ¼ kvk2. Then, for every value of t, at2 þ bt þ c � 0. This means that the
quadratic polynomial cannot have two real roots. This implies that the discriminant D ¼ b2 À 4ac � 0 or,
equivalently, b2 � 4ac. Thus,

4ðu Á vÞ2 � 4kuk2kvk2

Dividing by 4 gives us our result.

1.15. Prove Theorem 1.4 (Minkowski): kuþ vk � kuk þ kvk.
By the Schwarz inequality and other properties of the dot product,

kuþ vk2 ¼ ðuþ vÞ Á ðuþ vÞ ¼ ðu Á uÞ þ 2ðu Á vÞ þ ðv Á vÞ � kuk2 þ 2kukkvk þ kvk2 ¼ ðkuk þ kvkÞ2

Taking the square root of both sides yields the desired inequality.

Points, Lines, Hyperplanes in Rn

Here we distinguish between an n-tuple Pða1; a2; . . . ; anÞ viewed as a point in Rn and an n-tuple
u ¼ ½c1; c2; . . . ; cn� viewed as a vector (arrow) from the origin O to the point Cðc1; c2; . . . ; cnÞ.

1.16. Find the vector u identified with the directed line segment PQ
�!

for the points:

(a) Pð1;À2; 4Þ and Qð6; 1;À5Þ in R3, (b) Pð2; 3;À6; 5Þ and Qð7; 1; 4;À8Þ in R4.

(a) u ¼ PQ
�! ¼ QÀ P ¼ ½6À 1; 1À ðÀ2Þ; À5À 4� ¼ ½5; 3;À9�

(b) u ¼ PQ
�! ¼ QÀ P ¼ ½7À 2; 1À 3; 4þ 6; À8À 5� ¼ ½5;À2; 10;À13�

1.17. Find an equation of the hyperplane H in R4 that passes through Pð3;À4; 1;À2Þ and is normal to
u ¼ ½2; 5;À6;À3�.
The coefficients of the unknowns of an equation of H are the components of the normal vector u. Thus, an
equation of H is of the form 2x1 þ 5x2 À 6x3 À 3x4 ¼ k. Substitute P into this equation to obtain k ¼ À26.
Thus, an equation of H is 2x1 þ 5x2 À 6x3 À 3x4 ¼ À26.

1.18. Find an equation of the plane H in R3 that contains Pð1;À3;À4Þ and is parallel to the plane H0
determined by the equation 3xÀ 6yþ 5z ¼ 2.

The planes H and H0 are parallel if and only if their normal directions are parallel or antiparallel (opposite
direction). Hence, an equation of H is of the form 3xÀ 6yþ 5z ¼ k. Substitute P into this equation to obtain
k ¼ 1. Then an equation of H is 3xÀ 6yþ 5z ¼ 1.

1.19. Find a parametric representation of the line L in R4 passing through Pð4;À2; 3; 1Þ in the direction
of u ¼ ½2; 5;À7; 8�.
Here L consists of the points XðxiÞ that satisfy

X ¼ Pþ tu or xi ¼ ait þ bi or LðtÞ ¼ ðait þ biÞ
where the parameter t takes on all real values. Thus we obtain

x1 ¼ 4þ 2t; x2 ¼ À2þ 2t; x3 ¼ 3À 7t; x4 ¼ 1þ 8t or LðtÞ ¼ ð4þ 2t; À2þ 2t; 3À 7t; 1þ 8tÞ
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1.20. Let C be the curve FðtÞ ¼ ðt2; 3t À 2; t3; t2 þ 5Þ in R4, where 0 � t � 4.

(a) Find the point P on C corresponding to t ¼ 2.

(b) Find the initial point Q and terminal point Q 0 of C.
(c) Find the unit tangent vector T to the curve C when t ¼ 2.

(a) Substitute t ¼ 2 into FðtÞ to get P ¼ f ð2Þ ¼ ð4; 4; 8; 9Þ.
(b) The parameter t ranges from t ¼ 0 to t ¼ 4. Hence, Q ¼ f ð0Þ ¼ ð0;À2; 0; 5Þ and

Q 0 ¼ Fð4Þ ¼ ð16; 10; 64; 21Þ.
(c) Take the derivative of FðtÞ—that is, of each component of FðtÞ—to obtain a vector V that is tangent to the

curve:

VðtÞ ¼ dFðtÞ
dt

¼ ½2t; 3; 3t2; 2t�
Now find V when t ¼ 2; that is, substitute t ¼ 2 in the equation for VðtÞ to obtain
V ¼ Vð2Þ ¼ ½4; 3; 12; 4�. Then normalize V to obtain the desired unit tangent vector T. We have

kVk ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16þ 9þ 144þ 16

p ¼
ffiffiffiffiffiffiffiffi
185

p
and T ¼ 4ffiffiffiffiffiffiffiffi

185
p ;

3ffiffiffiffiffiffiffiffi
185

p ;
12ffiffiffiffiffiffiffiffi
185

p ;
4ffiffiffiffiffiffiffiffi
185

p
� �

Spatial Vectors (Vectors in R3), ijk Notation, Cross Product

1.21. Let u ¼ 2iÀ 3jþ 4k, v ¼ 3iþ jÀ 2k, w ¼ iþ 5jþ 3k. Find:

(a) uþ v, (b) 2uÀ 3v þ 4w, (c) u Á v and u Á w, (d) kuk and kvk.
Treat the coefficients of i, j, k just like the components of a vector in R3.

(a) Add corresponding coefficients to get uþ v ¼ 5iÀ 2jÀ 2k.

(b) First perform the scalar multiplication and then the vector addition:

2uÀ 3v þ 4w ¼ ð4iÀ 6jþ 8kÞ þ ðÀ9iÀ 3jþ 6kÞ þ ð4iþ 20jþ 12kÞ
¼ Àiþ 11jþ 26k

(c) Multiply corresponding coefficients and then add:

u Á v ¼ 6À 3À 8 ¼ À5 and u Á w ¼ 2À 15þ 12 ¼ À1

(d) The norm is the square root of the sum of the squares of the coefficients:

kuk ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 9þ 16

p ¼
ffiffiffiffiffi
29

p
and kvk ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

9þ 1þ 4
p ¼

ffiffiffiffiffi
14

p

1.22. Find the (parametric) equation of the line L:

(a) through the points Pð1; 3; 2Þ and Qð2; 5;À6Þ;
(b) containing the point Pð1;À2; 4Þ and perpendicular to the plane H given by the equation

3xþ 5yþ 7z ¼ 15:

(a) First find v ¼ PQ
�! ¼ QÀ P ¼ ½1; 2;À8� ¼ iþ 2jÀ 8k. Then

LðtÞ ¼ ðt þ 1; 2t þ 3; À8t þ 2Þ ¼ ðt þ 1Þiþ ð2t þ 3Þjþ ðÀ8t þ 2Þk
(b) Because L is perpendicular to H, the line L is in the same direction as the normal vector N ¼ 3iþ 5jþ 7k

to H. Thus,

LðtÞ ¼ ð3t þ 1; 5t À 2; 7t þ 4Þ ¼ ð3t þ 1Þiþ ð5t À 2Þjþ ð7t þ 4Þk

1.23. Let S be the surface xy2 þ 2yz ¼ 16 in R3.

(a) Find the normal vector Nðx; y; zÞ to the surface S.

(b) Find the tangent plane H to S at the point Pð1; 2; 3Þ.
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(a) The formula for the normal vector to a surface Fðx; y; zÞ ¼ 0 is

Nðx; y; zÞ ¼ Fxiþ Fyjþ Fzk

where Fx, Fy, Fz are the partial derivatives. Using Fðx; y; zÞ ¼ xy2 þ 2yzÀ 16, we obtain

Fx ¼ y2; Fy ¼ 2xyþ 2z; Fz ¼ 2y

Thus, Nðx; y; zÞ ¼ y2iþ ð2xyþ 2zÞjþ 2yk.

(b) The normal to the surface S at the point P is

NðPÞ ¼ Nð1; 2; 3Þ ¼ 4iþ 10jþ 4k

Hence, N ¼ 2iþ 5jþ 2k is also normal to S at P. Thus an equation of H has the form 2xþ 5yþ 2z ¼ c.
Substitute P in this equation to obtain c ¼ 18. Thus the tangent plane H to S at P is 2xþ 5yþ 2z ¼ 18.

1.24. Evaluate the following determinants and negative of determinants of order two:

(a) (i)
3 4
5 9

����
����, (ii)

2 À1
4 3

����
����, (iii)

4 À5
3 À2

����
����

(b) (i) À 3 6
4 2

����
����, (ii) À 7 À5

3 2

����
����, (iii) À 4 À1

8 À3

����
����

Use
a b
c d

����
���� ¼ ad À bc and À a b

c d

����
���� ¼ bcÀ ad. Thus,

(a) (i) 27À 20 ¼ 7, (ii) 6þ 4 ¼ 10, (iii) À8þ 15 ¼ 7:

(b) (i) 24À 6 ¼ 18, (ii) À15À 14 ¼ À29, (iii) À8þ 12 ¼ 4:

1.25. Let u ¼ 2iÀ 3jþ 4k, v ¼ 3iþ jÀ 2k, w ¼ iþ 5jþ 3k.
Find: (a) uÂ v, (b) uÂ w

(a) Use
2 À3 4
3 1 À2

� �
to get uÂ v ¼ ð6À 4Þiþ ð12þ 4Þjþ ð2þ 9Þk ¼ 2iþ 16jþ 11k:

(b) Use
2 À3 4
1 5 3

� �
to get uÂ w ¼ ðÀ9À 20Þiþ ð4À 6Þjþ ð10þ 3Þk ¼ À29iÀ 2jþ 13k:

1.26. Find uÂ v, where: (a) u ¼ ð1; 2; 3Þ, v ¼ ð4; 5; 6Þ; (b) u ¼ ðÀ4; 7; 3Þ, v ¼ ð6;À5; 2Þ.

(a) Use
1 2 3
4 5 6

� �
to get uÂ v ¼ ½12À 15; 12À 6; 5À 8� ¼ ½À3; 6;À3�:

(b) Use
À4 7 3
6 À5 2

� �
to get uÂ v ¼ ½14þ 15; 18þ 8; 20À 42� ¼ ½29; 26;À22�:

1.27. Find a unit vector u orthogonal to v ¼ ½1; 3; 4� and w ¼ ½2;À6;À5�.
First find v Â w, which is orthogonal to v and w.

The array
1 3 4
2 À6 À5

� �
gives v Â w ¼ ½À15þ 24; 8þ 5; À6À 61� ¼ ½9; 13;À12�:

Normalize v Â w to get u ¼ ½9= ffiffiffiffiffiffiffiffi
394

p
, 13=

ffiffiffiffiffiffiffiffi
394

p
, À12=

ffiffiffiffiffiffiffiffi
394

p �:

1.28. Let u ¼ ða1; a2; a3Þ and v ¼ ðb1; b2; b3Þ so uÂ v ¼ ða2b3 À a3b2; a3b1 À a1b3; a1b2 À a2b1Þ.
Prove:

(a) uÂ v is orthogonal to u and v [Theorem 1.5(a)].

(b) kuÂ vk2 ¼ ðu Á uÞðv Á vÞ À ðu Á vÞ2 (Lagrange’s identity).
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(a) We have

u Á ðuÂ vÞ ¼ a1ða2b3 À a3b2Þ þ a2ða3b1 À a1b3Þ þ a3ða1b2 À a2b1Þ
¼ a1a2b3 À a1a3b2 þ a2a3b1 À a1a2b3 þ a1a3b2 À a2a3b1 ¼ 0

Thus, uÂ v is orthogonal to u. Similarly, uÂ v is orthogonal to v.

(b) We have

kuÂ vk2 ¼ ða2b3 À a3b2Þ2 þ ða3b1 À a1b3Þ2 þ ða1b2 À a2b1Þ2 ð1Þ
ðu Á uÞðv Á vÞ À ðu Á vÞ2 ¼ ða21 þ a22 þ a23Þðb21 þ b22 þ b23Þ À ða1b1 þ a2b2 þ a3b3Þ2 ð2Þ

Expansion of the right-hand sides of (1) and (2) establishes the identity.

Complex Numbers, Vectors in Cn

1.29. Suppose z ¼ 5þ 3i and w ¼ 2À 4i. Find: (a) zþ w, (b) zÀ w, (c) zw.

Use the ordinary rules of algebra together with i2 ¼ À1 to obtain a result in the standard form aþ bi.

(a) zþ w ¼ ð5þ 3iÞ þ ð2À 4iÞ ¼ 7À i

(b) zÀ w ¼ ð5þ 3iÞ À ð2À 4iÞ ¼ 5þ 3iÀ 2þ 4i ¼ 3þ 7i

(c) zw ¼ ð5þ 3iÞð2À 4iÞ ¼ 10À 14iÀ 12i2 ¼ 10À 14iþ 12 ¼ 22À 14i

1.30. Simplify: (a) ð5þ 3iÞð2À 7iÞ, (b) ð4À 3iÞ2, (c) ð1þ 2iÞ3.
(a) ð5þ 3iÞð2À 7iÞ ¼ 10þ 6iÀ 35iÀ 21i2 ¼ 31À 29i

(b) ð4À 3iÞ2 ¼ 16À 24iþ 9i2 ¼ 7À 24i

(c) ð1þ 2iÞ3 ¼ 1þ 6iþ 12i2 þ 8i3 ¼ 1þ 6iÀ 12À 8i ¼ À11À 2i

1.31. Simplify: (a) i0; i3; i4, (b) i5; i6; i7; i8, (c) i39; i174, i252, i317:

(a) i0 ¼ 1, i3 ¼ i2ðiÞ ¼ ðÀ1ÞðiÞ ¼ Ài; i4 ¼ ði2Þði2Þ ¼ ðÀ1ÞðÀ1Þ ¼ 1

(b) i5 ¼ ði4ÞðiÞ ¼ ð1ÞðiÞ ¼ i, i6 ¼ ði4Þði2Þ ¼ ð1Þði2Þ ¼ i2 ¼ À1, i7 ¼ i3 ¼ Ài, i8 ¼ i4 ¼ 1

(c) Using i4 ¼ 1 and in ¼ i4qþr ¼ ði4Þqir ¼ 1qir ¼ ir , divide the exponent n by 4 to obtain the remainder r:

i39 ¼ i4ð9Þþ3 ¼ ði4Þ9i3 ¼ 19i3 ¼ i3 ¼ Ài; i174 ¼ i2 ¼ À1; i252 ¼ i0 ¼ 1; i317 ¼ i1 ¼ i

1.32. Find the complex conjugate of each of the following:
(a) 6þ 4i, 7À 5i, 4þ i, À3À i, (b) 6, À3, 4i, À9i.

(a) 6þ 4i ¼ 6À 4i, 7À 5i ¼ 7þ 5i, 4þ i ¼ 4À i, À3À i ¼ À3þ i

(b) �6 ¼ 6, À3 ¼ À3, 4i ¼ À4i, À9i ¼ 9i

(Note that the conjugate of a real number is the original number, but the conjugate of a pure imaginary
number is the negative of the original number.)

1.33. Find z�z and jzj when z ¼ 3þ 4i.

For z ¼ aþ bi, use z�z ¼ a2 þ b2 and z ¼ ffiffiffiffi
z�z

p ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p
.

z�z ¼ 9þ 16 ¼ 25; jzj ¼
ffiffiffiffiffi
25

p
¼ 5

1.34. Simpify
2À 7i
5þ 3i

:

To simplify a fraction z=w of complex numbers, multiply both numerator and denominator by �w, the
conjugate of the denominator:

2À 7i
5þ 3i

¼ ð2À 7iÞð5À 3iÞ
ð5þ 3iÞð5À 3iÞ ¼

À11À 41i
34

¼ À 11
34

À 41
34

i
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1.35. Prove: For any complex numbers z, w 2 C, (i) zþ w ¼ �zþ �w, (ii) zw ¼ �z�w, (iii) �z ¼ z.

Suppose z ¼ aþ bi and w ¼ cþ di where a; b; c; d 2 R.

(i) zþ w ¼ ðaþ biÞ þ ðcþ diÞ ¼ ðaþ cÞ þ ðbþ dÞi
¼ ðaþ cÞ À ðbþ dÞi ¼ aþ cÀ biÀ di
¼ ðaÀ biÞ þ ðcÀ diÞ ¼ �zþ �w

(ii) zw ¼ ðaþ biÞðcþ diÞ ¼ ðacÀ bdÞ þ ðad þ bcÞi
¼ ðacÀ bdÞ À ðad þ bcÞi ¼ ðaÀ biÞðcÀ diÞ ¼ �z�w

(iii) �z ¼ aþ bi ¼ aÀ bi ¼ aÀ ðÀbÞi ¼ aþ bi ¼ z

1.36. Prove: For any complex numbers z;w 2 C, jzwj ¼ jzjjwj.
By (ii) of Problem 1.35,

jzwj2 ¼ ðzwÞðzwÞ ¼ ðzwÞð�z�wÞ ¼ ðz�zÞðw�wÞ ¼ jzj2jwj2
The square root of both sides gives us the desired result.

1.37. Prove: For any complex numbers z;w 2 C, jzþ wj � jzj þ jwj.
Suppose z ¼ aþ bi and w ¼ cþ di where a; b; c; d 2 R. Consider the vectors u ¼ ða; bÞ and v ¼ ðc; dÞ in
R2. Note that

jzj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p
¼ kuk; jwj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 þ d2

p
¼ kvk

and

jzþ wj ¼ jðaþ cÞ þ ðbþ dÞij ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaþ cÞ2 þ ðbþ dÞ2

q
¼ kðaþ c; bþ dÞk ¼ kuþ vk

By Minkowski’s inequality (Problem 1.15), kuþ vk � kuk þ kvk, and so

jzþ wj ¼ kuþ vk � kuk þ kvk ¼ jzj þ jwj

1.38. Find the dot products u Á v and v Á u where: (a) u ¼ ð1À 2i; 3þ iÞ, v ¼ ð4þ 2i; 5À 6iÞ;
(b) u ¼ ð3À 2i; 4i; 1þ 6iÞ, v ¼ ð5þ i; 2À 3i; 7þ 2iÞ.
Recall that conjugates of the second vector appear in the dot product

ðz1; . . . ; znÞ Á ðw1; . . . ;wnÞ ¼ z1�w1 þ Á Á Á þ zn�wn

(a) u Á v ¼ ð1À 2iÞð4þ 2iÞ þ ð3þ iÞð5À 6iÞ
¼ ð1À 2iÞð4À 2iÞ þ ð3þ iÞð5þ 6iÞ ¼ À10iþ 9þ 23i ¼ 9þ 13i

v Á u ¼ ð4þ 2iÞð1À 2iÞ þ ð5À 6iÞð3þ iÞ
¼ ð4þ 2iÞð1þ 2iÞ þ ð5À 6iÞð3À iÞ ¼ 10iþ 9À 23i ¼ 9À 13i

(b) u Á v ¼ ð3À 2iÞð5þ iÞ þ ð4iÞð2À 3iÞ þ ð1þ 6iÞð7þ 2iÞ
¼ ð3À 2iÞð5À iÞ þ ð4iÞð2þ 3iÞ þ ð1þ 6iÞð7À 2iÞ ¼ 20þ 35i

v Á u ¼ ð5þ iÞð3À 2iÞ þ ð2À 3iÞð4iÞ þ ð7þ 2iÞð1þ 6iÞ
¼ ð5þ iÞð3þ 2iÞ þ ð2À 3iÞðÀ4iÞ þ ð7þ 2iÞð1À 6iÞ ¼ 20À 35i

In both cases, v Á u ¼ u Á v. This holds true in general, as seen in Problem 1.40.

1.39. Let u ¼ ð7À 2i; 2þ 5iÞ and v ¼ ð1þ i; À3À 6iÞ. Find:
(a) uþ v, (b) 2iu, (c) ð3À iÞv, (d) u Á v, (e) kuk and kvk.
(a) uþ v ¼ ð7À 2iþ 1þ i; 2þ 5iÀ 3À 6iÞ ¼ ð8À i; À1À iÞ
(b) 2iu ¼ ð14iÀ 4i2; 4iþ 10i2Þ ¼ ð4þ 14i; À10þ 4iÞ
(c) ð3À iÞv ¼ ð3þ 3iÀ iÀ i2; À9À 18iþ 3iþ 6i2Þ ¼ ð4þ 2i; À15À 15iÞ
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(d) u Á v ¼ ð7À 2iÞð1þ iÞ þ ð2þ 5iÞðÀ3À 6iÞ
¼ ð7À 2iÞð1À iÞ þ ð2þ 5iÞðÀ3þ 6iÞ ¼ 5À 9iÀ 36À 3i ¼ À31À 12i

(e) kuk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
72 þ ðÀ2Þ2 þ 22 þ 52

q
¼ ffiffiffiffiffi

82
p

and kvk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12 þ 12 þ ðÀ3Þ2 þ ðÀ6Þ2

q
¼ ffiffiffiffiffi

47
p

1.40. Prove: For any vectors u; v 2 Cn and any scalar z 2 C, (i) u Á v ¼ v Á u, (ii) ðzuÞ Á v ¼ zðu Á vÞ,
(iii) u Á ðzvÞ ¼ �zðu Á vÞ.
Suppose u ¼ ðz1; z2; . . . ; znÞ and v ¼ ðw1;w2; . . . ;wnÞ.
(i) Using the properties of the conjugate,

v Á u ¼ w1�z1 þ w2�z2 þ Á Á Á þ wn�zn ¼ w1�z1 þ w2�z2 þ Á Á Á þ wn�zn
¼ �w1z1 þ �w2z2 þ Á Á Á þ �wnzn ¼ z1�w1 þ z2�w2 þ Á Á Á þ zn�wn ¼ u Á v

(ii) Because zu ¼ ðzz1; zz2; . . . ; zznÞ,

ðzuÞ Á v ¼ zz1�w1 þ zz2�w2 þ Á Á Á þ zzn�wn ¼ zðz1�w1 þ z2�w2 þ Á Á Á þ zn�wnÞ ¼ zðu Á vÞ

(Compare with Theorem 1.2 on vectors in Rn.)

(iii) Using (i) and (ii),

u Á ðzvÞ ¼ ðzvÞ Á u ¼ zðv Á uÞ ¼ �zðv Á uÞ ¼ �zðu Á vÞ

SUPPLEMENTARY PROBLEMS

Vectors in Rn

1.41. Let u ¼ ð1;À2; 4Þ, v ¼ ð3; 5; 1Þ, w ¼ ð2; 1;À3Þ. Find:
(a) 3uÀ 2v; (b) 5uþ 3v À 4w; (c) u Á v, u Á w, v Á w; (d) kuk, kvk, kwk;
(e) cos y, where y is the angle between u and v; (f ) dðu; vÞ; (g) projðu; vÞ.

1.42. Repeat Problem 1.41 for vectors u ¼
1
3

À4

2
4

3
5, v ¼

2
1
5

2
4

3
5, w ¼

3
À2
6

2
4

3
5.

1.43. Let u ¼ ð2;À5; 4; 6;À3Þ and v ¼ ð5;À2; 1;À7;À4Þ. Find:
(a) 4uÀ 3v; (b) 5uþ 2v; (c) u Á v; (d) kuk and kvk; (e) projðu; vÞ; ( f ) dðu; vÞ.

1.44. Normalize each vector:

(a) u ¼ ð5;À7Þ; (b) v ¼ ð1; 2;À2; 4Þ; (c) w ¼ 1
2
;À 1

3
;
3
4

� �
.

1.45. Let u ¼ ð1; 2;À2Þ, v ¼ ð3;À12; 4Þ, and k ¼ À3.

(a) Find kuk, kvk, kuþ vk, kkuk:
(b) Verify that kkuk ¼ jkjkuk and kuþ vk � kuk þ kvk.

1.46. Find x and y where:

(a) ðx; yþ 1Þ ¼ ðyÀ 2; 6Þ; (b) xð2; yÞ ¼ yð1;À2Þ.

1.47. Find x; y; z where ðx; yþ 1; yþ zÞ ¼ ð2xþ y; 4; 3zÞ.
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1.48. Write v ¼ ð2; 5Þ as a linear combination of u1 and u2, where:

(a) u1 ¼ ð1; 2Þ and u2 ¼ ð3; 5Þ;
(b) u1 ¼ ð3;À4Þ and u2 ¼ ð2;À3Þ.

1.49. Write v ¼
9

À3
16

2
4

3
5 as a linear combination of u1 ¼

1
2
3

2
4

3
5, u2 ¼ 2

5
À1

2
4

3
5, u3 ¼ 4

À2
3

2
4

3
5.

1.50. Find k so that u and v are orthogonal, where:

(a) u ¼ ð3; k;À2Þ, v ¼ ð6;À4;À3Þ;
(b) u ¼ ð5; k;À4; 2Þ, v ¼ ð1;À3; 2; 2kÞ;
(c) u ¼ ð1; 7; k þ 2; À2Þ, v ¼ ð3; k;À3; kÞ.

Located Vectors, Hyperplanes, Lines in Rn

1.51. Find the vector v identified with the directed line segment PQ
!

for the points:

(a) Pð2; 3;À7Þ and Qð1;À6;À5Þ in R3;

(b) Pð1;À8;À4; 6Þ and Qð3;À5; 2;À4Þ in R4.

1.52. Find an equation of the hyperplane H in R4 that:

(a) contains Pð1; 2;À3; 2Þ and is normal to u ¼ ½2; 3;À5; 6�;
(b) contains Pð3;À1; 2; 5Þ and is parallel to 2x1 À 3x2 þ 5x3 À 7x4 ¼ 4.

1.53. Find a parametric representation of the line in R4 that:

(a) passes through the points Pð1; 2; 1; 2Þ and Qð3;À5; 7;À9Þ;
(b) passes through Pð1; 1; 3; 3Þ and is perpendicular to the hyperplane 2x1 þ 4x2 þ 6x3 À 8x4 ¼ 5.

Spatial Vectors (Vectors in R3), ijk Notation

1.54. Given u ¼ 3iÀ 4jþ 2k, v ¼ 2iþ 5jÀ 3k, w ¼ 4iþ 7jþ 2k. Find:

(a) 2uÀ 3v; (b) 3uþ 4v À 2w; (c) u Á v, u Á w, v Á w; (d) kuk, kvk, kwk.

1.55. Find the equation of the plane H:

(a) with normal N ¼ 3iÀ 4jþ 5k and containing the point Pð1; 2;À3Þ;
(b) parallel to 4xþ 3yÀ 2z ¼ 11 and containing the point Qð2;À1; 3Þ.

1.56. Find the (parametric) equation of the line L:

(a) through the point Pð2; 5;À3Þ and in the direction of v ¼ 4iÀ 5jþ 7k;

(b) perpendicular to the plane 2xÀ 3yþ 7z ¼ 4 and containing Pð1;À5; 7Þ.

1.57. Consider the following curve C in R3 where 0 � t � 5:

FðtÞ ¼ t3iÀ t2jþ ð2t À 3Þk
(a) Find the point P on C corresponding to t ¼ 2.

(b) Find the initial point Q and the terminal point Q 0.
(c) Find the unit tangent vector T to the curve C when t ¼ 2.

1.58. Consider a moving body B whose position at time t is given by RðtÞ ¼ t2iþ t3jþ 2tk. [Then VðtÞ ¼ dRðtÞ=dt
and AðtÞ ¼ dVðtÞ=dt denote, respectively, the velocity and acceleration of B.] When t ¼ 1, find for the
body B:

(a) position; (b) velocity v; (c) speed s; (d) acceleration a.
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1.59. Find a normal vector N and the tangent plane H to each surface at the given point:

(a) surface x2yþ 3yz ¼ 20 and point Pð1; 3; 2Þ;
(b) surface x2 þ 3y2 À 5z2 ¼ 160 and point Pð3;À2; 1Þ:

Cross Product

1.60. Evaluate the following determinants and negative of determinants of order two:

(a)
2 5
3 6

����
����; 3 À6

1 À4

����
����; À4 À2

7 À3

����
����

(b) À 6 4
7 5

����
����; À 1 À3

2 4

����
����; À 8 À3

À6 À2

����
����

1.61. Given u ¼ 3iÀ 4jþ 2k, v ¼ 2iþ 5jÀ 3k, w ¼ 4iþ 7jþ 2k, find:

(a) uÂ v, (b) uÂ w, (c) v Â w.

1.62. Given u ¼ ½2; 1; 3�, v ¼ ½4;À1; 2�, w ¼ ½1; 1; 5�, find:
(a) uÂ v, (b) uÂ w, (c) v Â w.

1.63. Find the volume V of the parallelopiped formed by the vectors u; v;w appearing in:

(a) Problem 1.61 (b) Problem 1.62.

1.64. Find a unit vector u orthogonal to:

(a) v ¼ ½1; 2; 3� and w ¼ ½1;À1; 2�;
(b) v ¼ 3iÀ jþ 2k and w ¼ 4iÀ 2jÀ k.

1.65. Prove the following properties of the cross product:

(a) uÂ v ¼ Àðv Â uÞ (d) uÂ ðv þ wÞ ¼ ðuÂ vÞ þ ðuÂ wÞ
(b) uÂ u ¼ 0 for any vector u (e) ðv þ wÞ Â u ¼ ðv Â uÞ þ ðwÂ uÞ
(c) ðkuÞ Â v ¼ kðuÂ vÞ ¼ uÂ ðkvÞ ( f ) ðuÂ vÞ Â w ¼ ðu Á wÞv À ðv Á wÞu

Complex Numbers

1.66. Simplify:

(a) ð4À 7iÞð9þ 2iÞ; (b) ð3À 5iÞ2; (c)
1

4À 7i
; (d)

9þ 2i
3À 5i

; (e) ð1À iÞ3.

1.67. Simplify: (a)
1
2i
; (b)

2þ 3i
7À 3i

; (c) i15; i25; i34; (d)
1

3À i

� �2

.

1.68. Let z ¼ 2À 5i and w ¼ 7þ 3i. Find:

(a) v þ w; (b) zw; (c) z=w; (d) �z; �w; (e) jzj, jwj.

1.69. Show that for complex numbers z and w:

(a) Re z ¼ 1
2 ðzþ �zÞ, (b) Im z ¼ 1

2 ðzÀ �z), (c) zw ¼ 0 implies z ¼ 0 or w ¼ 0.

Vectors in Cn

1.70. Let u ¼ ð1þ 7i; 2À 6iÞ and v ¼ ð5À 2i; 3À 4iÞ. Find:
(a) uþ v (b) ð3þ iÞu (c) 2iuþ ð4þ 7iÞv (d) u Á v (e) kuk and kvk.
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1.71. Prove: For any vectors u; v;w in Cn:

(a) ðuþ vÞ Á w ¼ u Á wþ v Á w, (b) w Á ðuþ vÞ ¼ w Á uþ w Á v.

1.72. Prove that the norm in Cn satisfies the following laws:

½N1� For any vector u, kuk � 0; and kuk ¼ 0 if and only if u ¼ 0.

½N2� For any vector u and complex number z, kzuk ¼ jzjkuk.
½N3� For any vectors u and v, kuþ vk � kuk þ kvk.

ANSWERS TO SUPPLEMENTARY PROBLEMS

1.41. (a) ðÀ3;À16; 10Þ; (b) (6,1,35); (c) À3;À12; 8; (d)
ffiffiffiffiffi
21

p
,

ffiffiffiffiffi
35

p
,

ffiffiffiffiffi
14

p
;

(e) À3=
ffiffiffiffiffi
21

p ffiffiffiffiffi
35

p
; ( f )

ffiffiffiffiffi
62

p
; (g) À 3

35 ð3; 5; 1Þ ¼ ðÀ 9
35, À 15

35, À 3
35)

1.42. (Column vectors) (a) ðÀ1; 7;À22Þ; (b) ðÀ1; 26;À29Þ; (c) À15;À27; 34;
(d)

ffiffiffiffiffi
26

p
,

ffiffiffiffiffi
30

p
; (e) À15=ð ffiffiffiffiffi

26
p ffiffiffiffiffi

30
p Þ; ( f )

ffiffiffiffiffi
86

p
; (g) À 15

30 v ¼ ðÀ1;À 1
2 ;À 5

2Þ

1.43. (a) ðÀ7;À14; 13; 45; 0Þ; (b) ð20;À29; 22; 16;À23Þ; (c) À6; (d)
ffiffiffiffiffi
90

p
;

ffiffiffiffiffi
95

p
;

(e) À 6
95 v; ( f )

ffiffiffiffiffiffiffiffi
197

p

1.44. (a) ð5= ffiffiffiffiffi
74

p
; À7=

ffiffiffiffiffi
74

p Þ; (b) ð15 ; 2
5 ; À 2

5 ;
4
5Þ; (c) ð6= ffiffiffiffiffiffiffiffi

133
p

; À4=
ffiffiffiffiffiffiffiffi
133

p
; 9=

ffiffiffiffiffiffiffiffi
133

p Þ

1.45. (a) 3; 13;
ffiffiffiffiffiffiffiffi
120

p
; 9

1.46. (a) x ¼ 3; y ¼ 5; (b) x ¼ 0; y ¼ 0, and x ¼ À2; y ¼ À4

1.47. x ¼ À3; y ¼ 3; z ¼ 3
2

1.48. (a) v ¼ 5u1 À u2; (b) v ¼ 16u1 À 23u2

1.49. v ¼ 3u1 À u2 þ 2u3

1.50. (a) 6; (b) 3; (c) 3
2

1.51. (a) v ¼ ½À1;À9; 2�; (b) [2; 3; 6;À10]

1.52. (a) 2x1 þ 3x2 À 5x3 þ 6x4 ¼ 35; (b) 2x1 À 3x2 þ 5x3 À 7x4 ¼ À16

1.53. (a) ½2t þ 1; À7t þ 2; 6t þ 1; À11t þ 2�; (b) ½2t þ 1; 4t þ 1; 6t þ 3; À8t þ 3�

1.54. (a) À23jþ 13k; (b) 9iÀ 6jÀ 10k; (c) À20;À12; 37; (d)
ffiffiffiffiffi
29

p
;

ffiffiffiffiffi
38

p
;

ffiffiffiffiffi
69

p

1.55. (a) 3xÀ 4yþ 5z ¼ À20; (b) 4xþ 3yÀ 2z ¼ À1

1.56. (a) ½4t þ 2; À5t þ 5; 7t À 3�; (b) ½2t þ 1; À3t À 5; 7t þ 7�

1.57. (a) P ¼ Fð2Þ ¼ 8iÀ 4jþ k; (b) Q ¼ Fð0Þ ¼ À3k, Q0 ¼ Fð5Þ ¼ 125iÀ 25jþ 7k;
(c) T ¼ ð6iÀ 2jþ kÞ= ffiffiffiffiffi

41
p

1.58. (a) iþ jþ 2k; (b) 2iþ 3jþ 2k; (c)
ffiffiffiffiffi
17

p
; (d) 2iþ 6j

1.59. (a) N ¼ 6iþ 7jþ 9k, 6xþ 7yþ 9z ¼ 45; (b) N ¼ 6iÀ 12jÀ 10k, 3xÀ 6yÀ 5z ¼ 16
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